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Abstract  

This work studies the use of the Progressive Diffusion Reaction Model (PDRM) in modelling 

the graft polymerization of 4 – Chloromethylstyrene unto irradiated polyethylene substrates. 

The graft polymerization process being modelled is the active step in the synthesis of a novel 

polymer-based catalyst for biodiesel production. Experimental data for the graft 

polymerization process and certain process data needed for the modelling were 

obtained/evaluated from literature. The PDRM was derived from material balance equations 

on a spherical particle with a hypothetical reaction hold-up. The R2 and t-Test values between 

experimental and model generated data were investigated for model validity with an R2 value 

> 0.85 and t-Test value > 0.05 considered as the criteria for validity. The PDRM gave R2 values 

greater than 0.85 and t-Test values greater than 0.05 at temperatures of 40oC, 50oC and 60oC 

for polyethylene samples with irradiation dosages of 20kGy, 30kGy, 40kGy and 50kGy 

respectively. The model was applied in generating concentration data for the grafting process 

at shorter time intervals and at process conditions not experimented upon. The PDRM proved 

valid for modelling the grafting process at the various temperatures and irradiation doses and 

is recommended for modelling other such operations.  

Keywords: Diffusion; Graft Polymerization; Modelling; Polyethylene 

1.0 Introduction 

A model is simply a representation usually in terms of mathematical equations of a process so 

as to predict the behaviour and interactions of the process variables under varying conditions. 

Modelling involves generating a representation which may be in form of a set of mathematical 

equations that helps to predict and visualise a given system. 

The importance of models and modelling in the Chemical engineering discipline cannot be 

overemphasized. It is practically impossible to carry out actual experiments for any given 

chemical reaction or process for all the varying process conditions, so a model would help to 

predict the behaviour of the system at such process conditions for which experiments are not 

conducted. Also, models are instrumental in the design of equipment and process plants as pilot 

plants would have to first be set up and operated before actual scale – up to industrial 

requirement(s)1. The requirement for a good engineering model is that it be the closest 

representation of reality which can be used without too many mathematical complexities 2, 3 

                                                           
1 Sinnott, R.K., Coulson, J.M. and Richardson, J.F. (2005), Coulson & Richardson’s Chemical engineering Vol. 

6, Chemical Engineering Design, third eds., Oxford: Elsevier Butterworth-Heinemann.  
2 Levenspiel, O. (2003), Chemical reaction Engineering, third ed., John Wiley and sons Inc., New York.  
3 Agbodekhe, B. (2010), Mass Transfer Evaluation and Modelling of the Graft Polymerization of 4-

Chloromethylstyrene unto Polyethylene Substrates, A B.Eng. thesis submitted to the Department of Chemical 

Engineering, University of Benin, Benin City, Nigeria, pp. 1-132. 

 

 



 

 
 

 

Solid – fluid interactions constitute a vast collection of industrial operations from reduction of 

metallic oxides to drying operations, leaching operations etc. This class of chemical 

engineering processes are widely varied in terms of the possible operating conditions. The solid 

for example may be porous or non – porous, there may be chemical reaction or no chemical 

reaction, mass transfer may be significant or insignificant, the shape of the solid may be 

spherical, cubical, cylindrical or even irregular, also, the shape, morphology and orientation  of 

the solid may be greatly changed or not significantly changed etc. All these and more make 

modelling solid – fluid interactions quite horrendous. 

Graft polymerization has been found to be a very useful technique in polymer 

modification/synthesis so as to enhance certain physiochemical properties of the polymer 

backbone material. The major approaches used are the grafting unto and grafting from 

approaches. The grafting process being modelled utilizes the grafting unto method.  Grafting-

onto method involves the use of a backbone chain with functional groups that are distributed 

randomly along the chain4, 5,6, 7. The grafting process involves a great deal of diffusion of the 

monomer 4-CMS into the polyethylene substrates similar to the diffusion of small molecule 

penetrants in polymers8 

This work attempts to model a graft polymerization process which serves as the key step in the 

synthesis of a polymer-based catalyst for biodiesel production using the progressive diffusion 

reaction model. The graft polymerization of a monomer emulsion solution of 4 – 

Chloromethylstyrene unto porous polyethylene substrates was modelled using the Progressive 

Diffusion Reaction Model. The graft polymerization process modelled involves porous solid – 

liquid mass transfer with chemical reaction and is used for the production of a catalyst which 

has great potential for use in biodiesel production from non-edible seed oils9. The Progressive 

Diffusion Reaction Model is based on the Progressive conversion model. This model pictures 

a fluid diffusing through the pore spaces of a solid with chemical reaction occurring alongside 

the mass transfer. The Progressive Diffusion Reaction Model was generated from the 

fundamental principles of mass transfer using the material balance equations on a spherical 

particle. Although the process modelled has its unique peculiarities, the approach can be used 

for modelling similar processes with little modifications where appropriate. 
 

2.0 Materials and Methods 

A brief outline of the graft polymerization process modelled in this work, a detailed outlay of 

the modelling approach as well as the methods for evaluating the mass transfer parameters 

needed for the modelling are provided thus. 

 

                                                           
4 Hadjichristidis, N., Pitsikalis, M., Pipas, S. and Latrou, H. (2002), Graft copolymers. Chem Rev, J Am Chem. 

Soc. 41 4035–4037. 
5 Ebewele, O.R. (2000), Polymer science and technology, First Published by CRC Press, LLC, 2000N.W. 

Corporate Blvd., Boca Raton, Florida, pp. 2–103. ISBN 0-8493-8939-9. 
6 Inoue, Y., Matsugi, T., Kashiwa, N. and Matyjaszewski, K. (2004), Graft Copolymers from Linear Polyethylene 

via Atom Transfer Radical Polymerization, J Am Chem. Soc. 37(10) 3651- 3658. 
7 Feng, C.L., Yongjun, Y., Dong, H., Jianhua, Z. and Xiaohuan, X. H. (2011), Well- defined graft copolymers; 

from controlled synthesis to multi-purpose applications. Chemical society reviews 40  
8 Hedenqvist, M.S. and Gedde, U. W. (1996), Diffusion of small molecule penetrants in Semi-crystalline polymers, 

Progress in polymer sci. 21(2) 299-333. 
9 ransiola, E.F. Nigerian (2012), Jatropha Curcas oil seeds: Prospects for biodiesel Production in Nigeria, 

International Journal of Renewable Energy 2(2)  



 

 
 

 

2.1 The Graft Polymerization Process  

A detailed account of the graft polymerization of 4-chloromethylstyrene unto polyethylene 

alongside the results obtained can be found in (Otoikhian, 2014; Otoikhian et al, 2015; 

Otoikhian et al 2017).10,11,12 However, for the purpose of this work, a relevant excerpt is given 

thus; 
 

Polyethylene Substrate Activation Step (Pre-irradiation/Irradiation)  

Scout Pro SPU 401 weighing scale was used to weigh 240g of polyethylene sample. The sample 

was then divided into four (4) equal parts of 60g each and then packaged. The samples labelled 

A, B, C, and D were irradiated using the radiation facilities at the VINCA Institute of Nuclear 

Sciences Belgrade, Serbia. The irradiation was conducted at a constant dose rate of 20kGy/h to 

get 20, 30, 40 and 50kGy with polyethylene samples A, B, C and D respectively13, 14.  
 

 Graft Polymerization of Irradiated Polyethylene Substrates 

a) The Monomer Emulsion Solution (MES) was obtained as follows: 50ml of 4-

chloromethylstyrene solution was measured into a beaker using a measuring cylinder. 

10% of its equivalent volume amounting to 5ml of Polysorbate - 20 was measured and 

added to the content inside the beaker. 50ml of distilled water was also measured and 

added to the mixture and then stirred vigorously. This was labelled as sample E.15, 16  

b) (b.) Irradiated samples A, B, C, and D, each weighing 5.1g were measured and packaged 

in sacks which were dipped into beakers containing sample E in them and then placed 

inside an electrical thermostatic water bath boiler model DK-420. The temperature of 

the system was regulated and maintained at 40oC for a period of 4hours. At every 1hr 

interval, sample E was withdrawn and analysed for a change in concentration from the 

initial concentration at time  using the Jenway Model 6800 Double-beam 

spectrometer. The procedure was repeated at temperatures of 50oC and 60oC

                                                           
10 Otoikhian, S.K. (2014), Development of polymer catalyst for the production of biodiesel from Hura Crepitans 

seed oil, A PhD thesis submitted to the Department of Chemical Engineering, University of Benin, Benin city, 

Nigeria, pp. 1-244 
11 Otoikhian, S.K., Aluyor, E.O. and Audu, T.O.K. (2015), Effects of production parameters on the development 

of polymer-based biodiesel heterogeneous catalyst, I. Pet Technol. J (ISSN 1595-9104): Int. J, 5(2) 54-71. 
12 Otoikhian, S.K., Agbodekhe, B., Anakhu, A.E., Diamond, B. and Aluyor, E.O. (2017),  Modelling the Mass 

Transfer Kinetics of the Grafting of 4- Chloromethylstyrene unto Polyethylene substrates, Journal of Biofuels 

(DOI: 10.5958/0976-4763.2017.00006.X): 8(1) 33-48. 
13 Cleland, M.R. (1992), High Power Electron Accelerators for Industrial Radiation Processing of Polymers,  

Chapter 3 in Radiation Processing of Polymers, A. Singl and J. Silverman (Eds), Hanser, Munich. 23 – 49.  
14 Ueki, Y. and Masao, T. (2010), Catalyst for production of biodiesel and its production method, and method for 

producing biodiesel, Patent Application Publication US2010/0170145A1     
15 Bhattacharya, A. and Misra, B.N. (2004), Grafting a versatile means of modifying polymers, factors and 

applications. Prog. Polymer. Sci., 29 767–814. 
16 Bhattacharya, A., James, W.R. and Paramita, R. (2009), Polymer grafting and Cross – linking, third ed., John 

Wiley and sons Inc., New Jersey, pp. 4 – 7. 
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A summary of the experimental results obtained from the graft polymerization using samples 

A, B, C, and D at temperatures 40oC, 50oC and 60oC respectively are given in the tables below 
 

Table 1: Concentration variation of Monomer Emulsion Solution at 40oC.   

 

 

Table 2: Concentration variation of Monomer Emulsion Solution at 50oC.   

Retention 

Time 

(minutes) 

Concentration 

Readings (moles/dm3) 

 ACONC BCONC CCONC DCONC 

0 1.6420 1.6420 1.6420 1.6420 

60 1.4900 1.4798 1.4642 1.3842 

120 1.2461 1.2203 1.2180 1.1681 

180 1.2296 1.2312 1.1412 1.0402 

240 0.6604 0.6222 0.6112 0.4403 

Retention 

Time 

(minutes) 

Concentration Readings (moles/dm3) 

 ACONC BCONC CCONC DCONC 

0 1.6420 1.6420 1.6420 1.6420 

60 1.4854 1.4739 1.4512 1.3622 

120 1.2365 1.2182 1.2090 1.1389 

180 1.2247 1.2241 1.1211 1.0201 

240 0.6538 0.6121 0.5913 0.4112 



 

 

Table 3: Concentration variation of Monomer Emulsion Solution at 60oC.   
 

Retention 

Time 

(minutes) 

Concentration Readings (moles/dm3) 

 ACONC BCONC CCONC DCONC 

0 1.6420 1.6420 1.6420 1.6420 

60 1.4800 1.4640 1.4400 1.3511 

120 1.2262 1.2091 1.2013 1.1288 

180 1.2210 1.2240 1.1202 1.0194 

240 0.6466 0.6212 0.5888 0.4000 

Source: Otoikhian, 2014 Development of polymer catalyst for the production of biodiesel from Hura 

Crepitans seed oil. A PhD thesis Department of Chemical Engineering, University of Benin, Benin City. Nigeria 
 

2.2 Structure of The Graft Co-Polymer 

Figure 1 below, compares x-ray diffraction patterns of the three-catalyst products q, r and s 

corresponding to polyethylene substrates irradiated at 30kGy, 40kGy and 50kGy respectively. 

For the catalyst products’ x-ray diffraction patterns compared in a single graphics, q-type shows 

higher range of intensity at Angle 20deg than the s and r-type. The peaks when carefully 

observed show dominance of the q-type catalyst intensity mostly all through the graphics angle 

as it progresses.  

Elemental Analysis: The concentration of basic sites for the polymer catalyst was estimated 

from its carbamate content, assuming that every tetrahedral carbamate atom, in the framework 

accounted for a basic site and that all these sites were accessible.  

 

Figure 1: Comparisons of the graphics for q, r and s catalysts [10] 

2.2 Progressive Diffusion Reaction Model 
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The progressive diffusion reaction model describes a situation whereby the fluid reactant which 

in this case is the 4-chloromethylstyrene monomer solution diffuses uniformly throughout the 

entire volume of the solid reactant with reaction (in this case grafting) occurring throughout the 

entire solid structure usually at different rates for different parts of the solid. It takes into 

account the radial diffusion (mass transfer) of the monomer solution through the polyethylene 

substrates and also the reaction kinetics of the grafting process. The concentration gradient of 

the fluid reactant is in the radial direction of the Solid particles. The solid-fluid reaction can be 

represented as follows:  
 

aA (l) + bB(s)  cC(s) …………. 1 

By taking a differential element of a solid spherical particle and carrying out material balances 

on A, B and C 

Where, A represents the 4-chloromethylstyrene monomer emulsion 

              B represents the solid polyethylene substrate 

C represents the final product which is the grafted copolymer formed 

We have; 

     Input – Output – rate of disappearance due to grafting reaction = accumulation…217  

For A, diffusion occurs into the polyethylene particles after which grafting occurs. 

It is assumed that outward diffusion of A from the polyethylene substrates is negligible. 

                           Input of A = 𝐷𝐴𝑒 (
𝜕2𝐶𝐴

𝜕𝑟2  +  
2

𝑟

𝜕𝐶𝐴

𝜕𝑟
) 18,19 

                           Output of A = 0 

                           Accumulation of A = 𝜀 
𝜕𝐶𝐴

𝜕𝑡
 

                           Rate of disappearance of A = -rA =  𝑎𝑘𝐶𝐴
𝑛

   

Putting all these into equation 3.2 gives  

𝜀
𝜕𝐶𝐴

𝜕𝑡
= 𝐷𝐴𝑒 (

𝜕2𝐶𝐴

𝜕𝑟2
 +  

2

𝑟

𝜕𝐶𝐴

𝜕𝑟
) − 𝑎𝑘𝐶𝐴

𝑛 … … … 3  

In a similar fashion, for the polyethylene substrates B we have; 

𝜀
𝜕𝐶𝐵

𝜕𝑡
= −(𝑏/𝑎)𝑘𝐶𝐴

𝑛 … … … 4 

 

And finally for the product C, we have; 
𝜕𝐶𝐶

𝜕𝑡
= 𝑘𝐶𝐴

𝑛 … … … 5 

The initial and boundary conditions are as follows: 

At t = 0, CA = 0, CB = CBO, CC = 0 

At r = ro, 
𝜕𝐶𝐴

𝜕𝑟
 = 0 

At r = 0, 𝐷𝐴𝐸
𝑑𝐶𝐴

𝑑𝑟
=  𝐾𝐿𝐸( 𝐶𝐴𝑆 −  𝐶𝐴 ) … … 6  

Where; 

         CA = Concentration of A in the spherical particle at any time t 

         CB = concentration of B at any time t 

         CC = Concentration of C at any time t 

                                                           
17 Fogler, H.S. (2004), Elements of Chemical reaction engineering, third edition, prentice hall. 
18 Maan, M.D. (2009), Recovery of molybdenum from spent catalyst by leaching process, A Ph.D. Thesis 

submitted to the faculty of Engineering, Nahrain University, India.  
19 Bird, R.B., Warren, E.S. and Edwin, N.L. (2007), Transport Phenomena, second ed., John Wiley and sons Inc., 

New York. 

 



 

 

          K = Reaction rate constant for the graft polymerization 

          n = Order of the graft polymerization reaction  

          𝜀 = Porosity of the spherical particle 

        DAE = Effective diffusivity of A through the pores of the polyethylene sphere. 

          KL = Liquid film mass transfer coefficient  

CAS - CA = Concentration driving force across solid surface. 

a, b and c = Stoichiometric factors for A, B and C respectively. 

The following simplifying assumptions were made 

1. The outward diffusion of 4-CMS out of polyethylene is negligible, hence output of 4-

CMS = 0 

The justification for this assumption is not far-fetched since from literature, the rate of 

mass transfer of 4-CMS into polyethylene far outweighs its rate of mass outflow 

2. The graft polymerization process follows a zero order reaction rate kinetics 

Reaction kinetics studies carried out by Otoikhian [10], revealed that zero order kinetics 

more satisfactorily fits the experimental data than the conventional first order or second 

order. 

Also, assuming zero order kinetics helps to simplify the overly complex model 

equations and makes them solvable 

3. The equation 𝐷𝐴𝐸
𝑑𝐶𝐴

𝑑𝑟
=  𝐾𝐿𝐸( 𝐶𝐴𝑆 −  𝐶𝐴 ) which is supposed to apply at the external 

surface of the polyethylene substrates also applies throughout the polyethylene 

substrates. 

This assumption is reasonable considering the extremely small size of the polyethylene 

samples 

4. At t = 0, CA = 0 

Input of A = 𝐷𝐴𝑒 (
𝜕2𝐶𝐴

𝜕𝑟2  +  
2

𝑟

𝜕𝐶𝐴

𝜕𝑟
) 

Output of A = 0 

Accumulation of A =  𝜀
𝜕𝐶𝐴

𝜕𝑡
 

Rate of disappearance of A = -rA =  𝑎𝑘𝐶𝐴
𝑛

 

Putting these into equation 2 and applying the assumptions 1 and 2 we have 

𝜀
𝜕𝐶𝐴

𝜕𝑡
= 𝐷𝐴𝑒 (

𝜕2𝐶𝐴

𝜕𝑟2
 +  

2

𝑟

𝜕𝐶𝐴

𝜕𝑟
) − 𝑘𝑟 … … … 7 

Applying assumption 3, we have 

𝐷𝐴𝐸
𝑑𝐶𝐴

𝑑𝑟
=  𝐾𝐿𝐸( 𝐶𝐴𝑆 −  𝐶𝐴 )……6 

For gas-solid systems with small particle diameter 𝑑𝑝 and low gas velocity, we have that; 

 

𝑘𝑔 =  
2𝐷𝑒

𝑑𝑝
=  

𝐷𝑒

𝑅
……. 8 

𝑘𝑔 is the gas film mass transfer coefficient. [2] 

The above correlation also applies to solid – liquid systems with very small solid size and 

little or no liquid velocity. Thus; 

𝑘𝐿𝐸 =  
2𝐷𝐴𝑒

𝑑𝑝
=  

𝐷𝐴𝑒

𝑟
… … 9 

 



 

 

Substituting for 𝑘𝐿𝐸  from equation 9 in equation 6 gives, 

 

𝑑𝐶𝐴

𝑑𝑟
=  

𝐶𝐴𝑆 −  𝐶𝐴

𝑟
… … … 10 

 

𝑑2𝐶𝐴

𝑑𝑟2
=  

𝐶𝐴 −  𝐶𝐴𝑆

𝑟2
 … … … … … 11 

Equation 7 becomes 

 

𝜀
𝜕𝐶𝐴

𝜕𝑡
= 𝐷𝐴𝑒 (

𝐶𝐴 −  𝐶𝐴𝑆

𝑟2
 + 

2

𝑟

(𝐶𝐴𝑆 −  𝐶𝐴)

𝑟
) − 𝑘𝑟 … … 12 

 

𝜀
𝜕𝐶𝐴

𝜕𝑡
= 𝐷𝐴𝑒 (

−(𝐶𝐴𝑆 −  𝐶𝐴)

𝑟2
 +  

2(𝐶𝐴𝑆 −  𝐶𝐴)

𝑟2
) −  𝑘𝑟 

                                                 
𝑑𝐶𝐴

𝑑𝑡
=

𝐷𝐴𝑒

 𝜀
(  

(𝐶𝐴𝑆 −  𝐶𝐴)

𝑟2
) −

𝑘𝑟

 𝜀
 

 
𝑑𝐶𝐴

𝑑𝑡
=  −

𝐷𝐴𝑒

 𝜀
(  

 𝐶𝐴

𝑟2
) + (

𝐷𝐴𝑒

 𝜀
(  

𝐶𝐴𝑆

𝑟2
) −

𝑘𝑟

 𝜀
) … … 13 

 

Let 

(
𝐷𝐴𝑒

 𝜀
(  

𝐶𝐴𝑆

𝑟2
) −

𝑘𝑟

 𝜀
= 𝐿 

             And 

 
𝐷𝐴𝑒

𝜀𝑟2 = 𝑚 

 

Equation 13 becomes 
𝑑𝐶𝐴

𝑑𝑡
+ 𝑚𝐶𝐴 = 𝐿 … … … … 14 

 

Equation 14, is a first order linear ODE whose solution is 

𝐶𝐴 =  
𝐿

 𝑚
 (1 −  𝑒−𝑚𝑡) … … … 15 

Replacing L and m, into equation 15, and replacing CAO with CAL we get 

           𝐶𝐴 = ((−
𝐾𝑟

𝜀
+  

𝐶𝐴𝑆𝐷𝐴𝐸

𝜀𝑟2 )
𝐷𝐴𝐸

𝜀𝑟2⁄ ) (1 −  𝑒
− 

𝐷𝐴𝐸
𝜀𝑟2 𝑡

) … … … 16 

The constants K, CAS, a, b, c, 𝜀 and n are either available or can be evaluated from previous 

experimental work by Otoikhian [10]. DAe for the process under consideration is not available 

from experimental work and is estimated as discussed below in section 2.3. 

  

CA from the above model equation represents the monomer concentration in the 

polyethylene substrates which are not available from experimental data thus making 

comparisons between model and experimental data for model validation very 



 

 

challenging unless we make some modifications to the model equation. The 

experimental data provides the concentration variation of 4-CMS in the monomer-

emulsion solution with time. 

 In order to address this challenge, we posit that the amount of 4-CMS that has entered the 

polyethylene substrates is the same amount that left the monomer-emulsion solution hence, we 

can determine the concentration variation of 4-CMS in the monomer-emulsion solution from 

the concentration variation of 4-CMS in the polyethylene substrates. We simply use the 

concentration values of 4-CMS in polyethylene to get the amount of 4-CMS in polyethylene 

which in turn gives us the amount of 4-CMS that has left the monomer-emulsion solution 

(MES) and consequently the model generated concentration variation of 4-CMS with time in 

the monomer emulsion solution. 

Furthermore, there is another challenge that arises with the use of the model equation 16 

because the values of CA given by the model equation take into account the chemical reaction 

rate of the grafting process so that the values of CA presented by the model do not adequately 

reflect the total amount of 4-CMS that has entered the polyethylene substrates and the approach 

presented in the previous paragraph would thus be ineffective for generating concentration 

variation of the 4-CMS in the MES from the concentration data of 4-CMS in the polyethylene 

substrates. This is even more glaring considering the interesting nature of diffusion and mass 

transfer due to their slow rates as compared to chemical reaction20. We address this challenge 

by considering a hypothetical situation with a reaction hold-up in which the 4-CMS diffuse into 

the polyethylene substrates for the time-duration of the experiment without reaction/grafting 

occurring after which all the 4-CMS undergo spontaneous grafting in an instant of time just at 

the end of the grafting process. Applying this hypothetical reaction hold-up would result in a 

modification of equation 16 which would then make it possible to obtain model generated data 

of the total amount of 4-CMS that has entered the polyethylene substrate with time which in 

turn can be used to obtain model generated values of the concentration-time data of 4-CMS in 

the MES. 

The modified form of equation 16 when the hypothetical reaction hold-up is applied sets 𝐾𝑟 =
0 and is shown in equation 17 below 

𝐶𝐴.𝑃𝐸 = (( 
𝐶𝐴𝑆𝐷𝐴𝐸

𝜀𝑟2
)

𝐷𝐴𝐸

𝜀𝑟2
⁄ ) (1 −  𝑒

− 
𝐷𝐴𝐸
𝜀𝑟2 𝑡

) … … … 17 

Applying the approach presented in previous paragraphs for obtaining the concentration 

variation data of 4-CMS in MES from the concentration of 4-CMS in polyethylene, we obtain 

𝐶𝐴.𝑀𝑒𝑠 =  𝐶𝐴.𝑀𝑒𝑠𝑜 
−  

 𝑀. 𝐷𝐶𝑀𝑆  ×   𝑉𝑝𝐸 ×  𝐶𝐴.𝑃𝐸  

𝑉𝑀𝐸𝑆 (  𝑀. 𝐷𝐶𝑀𝑆 −   𝐶𝐴.𝑃𝐸)
… … … … . 18 

Substituting equation 17 in equation 18, we obtain the final model equation presented in 

equation 19 below, 

𝐶𝐴.𝑀𝑒𝑠 =  𝐶𝐴.𝑀𝑒𝑠𝑜 
−  

 𝑀. 𝐷𝐶𝑀𝑆  ×   𝑉𝑝𝐸 ×  (( 
𝐶𝐴𝑆𝐷𝐴𝐸

𝜀𝑟2 )
𝐷𝐴𝐸

𝜀𝑟2⁄ ) (1 − 𝑒
− 

𝐷𝐴𝐸
𝜀𝑟2 𝑡

) 

𝑉𝑀𝐸𝑆 (  𝑀. 𝐷𝐶𝑀𝑆 −   (( 
𝐶𝐴𝑆𝐷𝐴𝐸

𝜀𝑟2 )
𝐷𝐴𝐸

𝜀𝑟2⁄ ) (1 −  𝑒
− 

𝐷𝐴𝐸
𝜀𝑟2 𝑡

))

… … … … . 19 

                                                           
20 Cussler, E. L. (2009), Mass Transfer in Fluid Systems, Cambridge University Press, Cambridge. 

 



 

 

Where, 

𝐶𝐴.𝑃𝐸 (𝑚𝑜𝑙 𝐿)⁄  Represents the concentration of 4-CMS in the polyethylene sample 

𝐶𝐴.𝑀𝑒𝑠 (𝑚𝑜𝑙 𝐿)⁄  Represents the concentration of 4-CMS in the Monomer-Emulsion solution at 

any time t. 

𝐶𝐴.𝑀𝑒𝑠𝑜 
(𝑚𝑜𝑙 𝐿) ⁄ Represents the concentration of 4-CMS in the Monomer-Emulsion solution 

at t = 0  

𝑀. 𝐷𝐶𝑀𝑆 (𝑚𝑜𝑙 𝐿)⁄  Represents the molar density of CMS 

𝑉𝑝𝐸 (𝐿) Represents the volume of the polyethylene sample 

𝑉𝑀𝐸𝑆 (𝐿) Represents the volume of the Monomer-Emulsion Solution. 

 

2.3 Evaluation of The Effective Diffusivity of a Monomer Through a Solid 

DAE was estimated from the Newman (1931)21, plot for estimating effective diffusivities. 

The Newman plot is a correlation plot between the mass transfer parameter ES and 
𝐷𝐸Ɵ

𝑟2   

𝐸𝑆 =  
𝐶𝐴𝜃 − 𝐶𝐴∞

𝐶𝐴𝑖 −  𝐶𝐴∞
… … … … … 20 

Where;  

             ES =   Fraction of fluid yet to be transferred into or out of the spherical  

                         Solid after time Ɵ 

             Ɵ = Time in seconds  

             CAƟ = Concentration of A in spherical particle after time Ɵ  

             CAi = Initial concentration of A in spherical particle 

             CA = Concentration of A in spherical particle at infinite time. 

              r = Radius of the spherical particle22 

 

These parameters are only available through experimental measurements. We made use of 

those found in Otoikhian [10]. 
 

The values of ES for the various irradiation dosages and temperatures were computed from the 

values of CAƟ, CAI and CA.  

For every value of ES computed, a corresponding value of  
𝐷𝐸Ɵ

𝑟2
  was obtained from the plot 

from which the various effective diffusivities at the various irradiation dosages and 

temperatures were computed. 

 

2.4 Model Validation and Application 

The model generated data were compared with experimental data for validation using the R2 

and paired t-Test values. The criteria for validity used in the modelling approach were an R2 

(correlation coefficient) value > 0.85 and a t-Test value > 0.05 between the model generated 

                                                           
21 Newman, A.B. (1931), Trans. AICHE, 27, 203, 310 
22 Treybal, E.R. (1981), Mass transfer operations, third ed., McGraw-Hill, London. 

 



 

 

values and experimental values.23, 24 [23, 24]. Although an R2 value of 0.9 is recommended in 

some places25, a value of 0.85 is generally accepted for engineering models. 

The model was applied in two ways. First of all, the model was used to obtain concentration 

data at much shorter time interval of 10 minutes as compared to 60 minutes for which 

experiments were carried out. This is helpful in gaining a better visual of the progression of the 

reaction with time. This was done for the polyethylene sample with irradiation dosage of 50Kgy 

and temperature 60oc. 

Secondly, the model was used to generate concentration – time data for the graft polymerization 

process at process conditions for which experiments were not conducted. Concentration – time 

data for the grafting process at a temperature of 70oc and irradiation dosage of 50kgy were 

generated using the model. The value of DAE at these process conditions were estimated from 

those earlier evaluated using a combination of the Newman’s plot and experimental data 

obtained from literature. A linear correlation between the effective diffusivities and temperature 

at irradiation dosage of 50Kgy was established and used to estimate the value of the effective 

diffusivity at a temperature of 70oc and irradiation dosage of 50kgy. 

 

 

 

 

 

 

3.0 Results and Discussion 

3.1 Evaluated Mass Transfer Parameters for Modelling 

Table 4:  Mass transfer parameters for the graft polymerization process at 40oc, 50oc and 60oc 

for different polyethylene samples. 

Mass transfer 

Parameters 

  SAMPLE 

         A 

    SAMPLE 

           B 

    SAMPLE 

          C 

    SAMPLE 

           D 

𝑫𝒆 × 𝟏𝟎𝟏𝟒 

(𝒎𝟐 𝒔⁄ ) 𝒂𝒕 𝟒𝟎℃ 

2.3009 3.1226 3.1774 3.3967 

𝑫𝒆 × 𝟏𝟎𝟏𝟒 

(𝒎𝟐 𝒔⁄ ) 𝒂𝒕 𝟓𝟎℃ 

2.8968 

 

3.9314 4.0003 4.2763 

𝑫𝒆 × 𝟏𝟎𝟏𝟒 

(𝒎𝟐 𝒔⁄ ) 𝒂𝒕 𝟔𝟎℃ 

3.5969 4.8815 4.9668 5.3096 

 

                                                           
23Moore, D.S., Notz, W.I. and Flinger, M.A. (2013), The basic practice of statistics, sixth ed., W.H. Freeman and 

Company, New York.  
24 Zikmund, W.G. (2000), Business research methods, sixth ed., Harcourt College publishers, Forthworth, pp. 

510-517. 
25 Anthon, G.E. and Barrett, D.M. (2002), Kinetic parameter for the thermal inactivation of quality related 

enzymes in carrots and potatoes, Journal of Agriculture and Food Chemistry, 50 4119-4125 



 

 

The effective diffusivity of the 4-Chloromethylstyrene through the pores unto the active sites 

of the polyethylene substrates De, is observed to vary with the type of polyethylene sample 

used. This means that De is dependent on the degree of irradiation of the polyethylene samples 

and consequently, the availability and accessibility of the active sites.  

This is in line with literature [22] and is explainable if we take into cognizance the fact that 

irradiation creates free radicals on the pore surfaces of the polyethylene substrates. The values 

of De is also seen to increase with temperature for a given irradiation dosage as is expected 

according to theory and literature. 

For the graft polymerization process to be modelled using the progressive diffusion reaction 

model, values of constants needed for the modelling process which were obtained from 

Otoikhian [10] are 𝑟 = 0.000025𝑚, 𝜀 = 0.4, 𝐶𝐴.𝑀𝑒𝑠𝑜 
= 1.642 𝑚𝑜𝑙 𝐿⁄ , 𝑀. 𝐷𝐶𝑀𝑆  =

 7.096 𝑚𝑜𝑙 𝐿⁄ ,  𝑉𝑝𝐸 = 0.0054255𝐿,  𝑉𝑀𝐸𝑆 = 0.105𝐿,   𝐶𝐴𝑠 = 5.8037 𝑚𝑜𝑙 𝐿⁄ . 

3.2 Model Validation  

The model generated data and the experimental data are presented alongside the R2 and t-Test 

values in the following tables. 

 

 

 

 

 

 

Table 5: Comparison of model generated concentration-time data for the graft 

polymerization process with Experimental data at irradiation dosages of 20Kgy, 30Kgy, 

40Kgy and 50Kgy at temperature of 40oC. 

Time 

(mins) 
Concentration (mol/L) 

 20 Kgy 30 Kgy 40 Kgy 50 Kgy 

 Model 

 

Experiment Model Experiment Model Experiment Model Experiment 

0 1.6420 

 

1.6420 1.6420 1.6420 1.6420 1.6420 1.6420 1.6420 

60 1.5321 

 

1.4900 1.4877 1.4798 1.4846 1.4642 1.4723 1.3842 

120 1.4013 

 

1.2461 1.2965 1.2203 1.2892 1.2180 1.2597 1.1681 

180 1.2523 

 

1.2296 1.0789 1.2312 1.0670 1.1412 1.0194 1.0402 

240 1.0907 

 

0.6604 0.8537 0.6222 0.8382 0.6112 0.7770 0.4403 

R2 0.9072 0.8884 0.9404 0.9413 

t-Test 0.1779 0.6274 0.3860 0.1940 



 

 

 

An examination of Table 5 clearly indicates that the PDRM is valid for modelling the graft 

polymerization process at temperatures of 40oC for all the irradiation dosages of 20Kgy, 

30Kgy, 40Kgy and 50Kgy since all the R2 values are > 0.85 and all the t-Test values are > 0.05 

as stated in the criteria for validity.  

 

 

 

 

 

 

 

 

 

 

 

Table 6: Comparison of model generated concentration-time data for the graft 

polymerization process with Experimental data at irradiation dosages of 20Kgy, 30Kgy, 

40Kgy and 50Kgy at temperature of 50oC. 

Time 

(mins) 
Concentration (mol/L) 

      20 Kgy        30 Kgy        40 Kgy      50 Kgy 

 Model 

 

Experiment Model Experiment Model Experiment Model Experiment 

0 1.6420 

 

1.6420 1.6420 1.6420 1.6420 1.6420 1.6420 1.6420 

60 1.5001 

 

1.4854 1.4414 1.4739 1.4374 1.4512 1.4210 1.3622 

120 1.3261 

 

1.2365 1.1860 1.2182 1.1763 1.2090 1.1373 1.1389 

180 1.1274 

 

1.2247 0.9034 1.2241 0.8886 1.1211 0.8298 1.0201 

240 0.9183 

 

0.6538 0.6357 0.6121 O.6185 0.5913 0.5522 0.4112 

R2 0.9047 0.8794 0.9359 0.9295 

t-Test 0.4191 0.3147 0.3404 0.9782 

An examination of Table 6 clearly indicates that the PDRM is valid for modelling the graft 

polymerization process at temperatures of 50oC for all the irradiation dosages of 20Kgy, 

30Kgy, 40Kgy and 50Kgy since all the R2 values are > 0.85 and all the t-Test values are > 0.05 

as stated in the criteria for validity.  



 

 

Table 7: Comparison of model generated concentration-time data for the graft 

polymerization process with Experimental data at irradiation dosages of 20Kgy, 30Kgy, 

40Kgy and 50Kgy at temperature of 60oC. 

Time 

(mins) 
Concentration (mol/L) 

         20 Kgy         30 Kgy        40 Kgy       50 Kgy 

 Model 

 

Experiment Model Experiment Model Experiment Model Experiment 

0 1.6420 

 

1.6420 1.6420 1.6420 1.6420 1.6420 1.6420 1.6420 

60 1.4609 

 

1.4800 1.3841 1.4640 1.3788 1.4400 1.3572 1.3511 

120 1.2324 

 

1.2262 1.0503 1.2091 1.0380 1.2013 0.9883 1.1288 

180 0.9759 

 

1.2210 0.7055 1.2240 0.6887 1.1202 0.6230 1.0194 

240 0.7226 

 

0.6466 0.4231 0.6212 0.4068 0.5888 0.3459 0.4000 

R2 0.8964 0.8595 0.9173 0.9051 

t-Test 0.5416 0.0974 0.0860 0.1921 

 

An examination of Table 7 clearly indicates that the PDRM is valid for modelling the graft 

polymerization process at temperatures of 40oC for all the irradiation dosages of 20Kgy, 

30Kgy, 40Kgy and 50Kgy since all the R2 values are > 0.85 and all the t-Test values are > 0.05 

as stated in the criteria for validity.  

Also, an overall check on the trends of the data as presented in tables 5, 6 and 7 shows that the 

PDRM is generally more accurate at predicting the process behaviour of the graft 

polymerization process at lower temperatures and higher irradiation dosages. This is deduced 

by comparing the R2 and t-Test values for the various irradiation dosages and temperatures 

An exception to this generality is however observed in transiting from samples A (20Kgy) to 

samples B (30Kgy) where the R2 values are generally observed to drop rather than increase. 

This is probably due to some phenomenon associated with samples B which has been discussed 

in [3]. 

3.3 Model Application 

The Progressive Diffusion Reaction Model was used to generate concentration- time data for 

the graft polymerization process at a temperature of 60oc and irradiation dosage of 50kgy at 

intervals of 10 minutes (600 seconds) whereas experiments could only provide the 

concentration – time data at intervals of 60 minutes (3600 seconds). The results are tabulated 

below. Also, concentration data for the graft polymerization process were generated at process 

conditions of 70oC and 50kGy which were not experimented upon, the results are also tabulated 

below. 

The concentration of the 4 – Chloromethylstyrene in the monomer emulsion solution (MES) at 

temperature of 60oC and irradiation dosage of 50kGy as presented in table 8 above is seen to 

progressively decrease with time as predicted by the model and in line with experimental 

observation due to the grafting of the 4- CMS into the pores of the polyethylene substrates 

which possess active sites for grafting. 



 

 

Although, the model predicted values of concentration are not exactly the same as experimental 

values, there is a close correlation between them, the model generated values are valid and 

reasonable in predicting the behaviour of the graft polymerization process.      

The Progressive Diffusion Reaction Model was used to investigate and predict the 

concentration –time data for the graft polymerization process for a set of process variables not 

experimented upon. The behaviour of the system at a process temperature of 70oc and 

polyethylene irradiation dosage of 50kgy was investigated and the result is as shown in Table 

8 below. 

The model generated values for the graft polymerization process at 70oc and 50kgy are 

observed to be in tandem with the general trend of the concentration – time data for the grafting 

process as observed in literature and the model generated values for different values of the 

process parameters. The final concentration of 4 – Chloromethylstyrene in the monomer 

emulsion solution after 4 hours (14400 seconds) at 70oc and 50kgy irradiation dosage is 

observed to be lower than that observed at 60oc and 50kgy irradiation dosage as shown in Table 

8 above. This is in agreement with literature [10, 3] as the degree of grafting generally increases 

with temperature. So therefore, for the same polyethylene irradiation dosage of 50kgy, there is 

a higher degree of grafting at 70oc than at 60oc and this is appropriately captured and depicted 

by the model generated concentration – time data for the grafting process. 

Another possible application of this model would be in extrapolating to generate concentration 

– time data for a time duration beyond that considered during experimentation.  

Table 8: Application of the Progressive Diffusion Reaction Model in generating concentration – 

time data for the grafting process at 60oc and 50kGy irradiation dosage and 70oC and 50kGy 

irradiation dosage at time intervals of 10 minutes. 

Time (minutes) Concentration of 4-CMS in MES 

(mol/L) at 60oC and 50kGy 

 

Concentration of 4-CMS in 

MES (mol/L) at 70oC and 

50kGy 

0 1.6420 1.6420 

10 1.6022 1.5950 

20 1.5593 1.5436 

30 1.5133 1.4879 

40 1.4641 1.4280 

50 1.4121 1.3643 

60 1.3572 1.2970 

70 1.2998 1.2267 

80 1.2403 1.1540 

90 1.1789 1.0797 

100 1.1161 1.0045 

110 1.0524 0.9293 

120 0.9883 0.8549 

130 0.9243 0.7820 

140 0.8609 0.7116 

150 0.7987 0.6441 

160 0.7380 0.5801 

170 0.6793 0.5199 

180 0.6230 0.4640 

190 0.5693 0.4123 

200 0.5185 0.3649 

210 0.4706 0.3219 

220 0.4259 0.2829 

230 0.3843 0.2480 

240 0.3459 0.2167 



 

 

 

4.0 Conclusion 

The Progressive Diffusion Reaction Model has proven valid for modelling the graft 

polymerization of 4 – Chloromethylstyrene unto polyethylene substrates at varying process 

conditions and can be used in the design of pilot plants for the grafting process. The modelling 

approach is found to give better results at higher irradiation dosages. The PDRM gave R2 values 

of 0.9072, 0.8884, 0.9404 and 0.9413 at 40oc; 0.9047, 0.8794, 0.9359 and 0.9295 at 50oc; 

0.8964, 0.8595, 0.9173 and 0.9051 at 60oc as well as t-Test values of 0.1779, 0.6274, 0.3860 

and 0.1940 at 40oc; 0.4191, 0.3147, 0.3404 and 0.9782 at 50oc; 0.5416, 0.0974, 0.0860 and 

0.1921 at 60oc for polyethylene samples with irradiation dosages of 20kGy, 30kGy, 40kGy and 

50kGy respectively when compared with experimental data showing a good degree of 

agreement at the various temperatures and irradiation dosages. 

The use of this modelling approach for modelling similar operations, generally, porous solid – 

liquid mass transfer operations with or without chemical reaction is recommended. 
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