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 Typhoid fever is a life-threatening illness caused by the
bacterium Salmonella Typhi. Both ill persons and carriers
shed salmonella Typhi in faeces (stool). You can get typhoid
fever by eating or drinking food or water contaminated with
Salmonella Typhi. These bacteria are shed in the stool and
urine of infected people (Watson, 1967).

 Typhoid fever is a major problem in many developing
countries where shellfish is taking from sewage
contaminated water and where fruits and vegetables are
fertilized with human waste. Flies can move the bacteria
onto food, especially when garbage and faeces are not
disposed off properly.

.



 According to Kalajdzievska (2006), typhoid fever 
reached public notoriety at the beginning of the 
20th century with the cases of Mr. N. the “milker” 
in England and Typhoid Mary in the US. These 
individuals infected hundreds of people over the 
decades while they work in the food production 
industry and private homes. Naresh et al. (2008) 
illustrated that even today, typhoid fever infects 21 
million people and kills 200 000 worldwide every 
year.



 Asymptomatic carriers are believed to play an 
essential role in the evolution and global 
transmission of  typhi, and their presence greatly 
hinders the eradication of typhoid fever using 
treatment. Treatment is given to all infected 
individuals, however antibiotics can be prescribed 
to treat typhoid fever and vaccination should be 
considered for household members of known 
carriers and for persons travelling to or living in 
developing countries where typhoid fever is 
common. Different models have been 



 developed to analyze the transmission dynamics of 
typhoid fever as well as the effectiveness of some 
intervention strategies against the spread of 
typhoid infections. For example, Darja
kalajdzievska (2011) developed a mathematical 
model to investigate the effect of carriers on the 
transmission dynamics of infectious diseases.

 Moffat et al.(2014) developed a mathematical 
model to study the effect of carriers on the 
transmission dynamics of typhoid fever. The 
model studies the dynamics of typhoid fever by 
incorporating vaccination rate as a control 
measure However, none of them considered 
treatment as a control measure.



 In this study, we formulate the work by 
incorporating treatment in the dynamics of the 
disease. The basic reproduction number is 
calculated and finally the modified model is solved 
numerically using published data.



Typhoid fever is a global disease which is endemic in some African countries 

(including Nigeria) where hygiene practices are not properly put in place. The 

dynamics of the disease is modeled by many authors like Darjakalajdzievska 

(2011), Merselis et al (1964) including the work of Moffat et al (2014). None of 

the studies incorporate treatment as a control measure. 

However in this study, we formulate the work to incorporate treatment in the 

dynamics of the disease. Furthermore, we study the existence and stability of 

the equilibrium states of the model. The basic reproduction number 𝑹𝑶is 

determined using the next generation method and the modified model is solved 

numerically using published data. 

 



Aim

The aim of the study is to model the treatment of
typhoid fever.

Objectives of this study are:

 Determine the stability of the disease-free equilibrium

state by linearization method.

 Compute the basic reproduction number using the next

generation method.

 Carry out numerical experiments of solutions of the

model using the model parameters of interest.



Treatment is the commonest method of control and

eradication of diseases. Modeling the treatment of

Typhoid fever is very significant and therefore very

effective method to control or eradicate the disease.



The modified model equations are as follows: 

𝑑𝑆

𝑑𝑡
= 𝑏 − 𝑑1 𝑆 − 𝑆 𝛽𝐼𝐶 + 𝛾𝐼                                               (3.2.4)              

𝑑𝐼𝐶
𝑑𝑡

= 𝑝𝑆 𝛽𝐼𝐶 + 𝛾𝐼 −  𝑑2 + 𝛼 𝐼𝐶                                                (3.2.5)       

𝑑𝐼

𝑑𝑡
=  1 − 𝑝 𝑆 𝛽𝐼𝐶 + 𝛾𝐼 −  𝑑3 + 𝜋 𝐼 + 𝛼𝐼𝐶                    (3.2.6)     

 
𝑑𝑇

𝑑𝑡
= 𝜋𝐼 − 𝑑4𝑇                                                                          (3.2.7)      



3.1.2  Definitions of variables and parameters of the model  

 The variables and parameters of the existing model are as follows; 

𝑆(𝑡) =  The number of susceptible individuals at time t 

𝐼𝐶 t  = The number of Asymptomatic carriers at time t. 

 𝐼 𝑡  = The number of the infected individuals at time t 

𝑇(𝑡) = The number of recovered individuals at time t  

 𝑏        =      Influx into the  susceptible populations. 

𝑑1,𝑑4 =   Natural death rate of the susceptible and treated   

                     Individuals. 

𝑑2,𝑑3 = The death rates of the infected and chronic individuals  

                     respectively. 

  

 



The variables and parameters of the  model are as follows;CONT’D 

𝑆(𝑡) =  The number of susceptible individuals at time t 

𝛽         =  Transmission coefficient for the carrier compartment  𝐼𝐶. 

 𝛾   =  Transmission coefficient for the symptomatically 

                     infected compartment  𝐼    

𝛼  = Rate at which carriers develop symptoms. 

𝜋  = Rate of recovery 

𝑝          = Probability that a newly infected individual is  

                     asymptomatic.      

 

 



.

        

Figure 3.5. Flow-diagram for the modified model
 



3.3 Existence and Stability of the Disease-Free Equilibrium State of the 

Modified Model 

We will investigate the existence and stability of the disease-free equilibrium 

state of the modified model. 

3.3.1 Existence of the Disease-Free Equilibrium State of the modified 

model. 

At equilibrium = 
𝑑𝑆

𝑑𝑡
=  

𝑑𝐼𝑐

𝑑𝑡
=  

𝑑𝐼

𝑑𝑡
=  

𝑑𝑇

𝑑𝑡
= 0. 

Therefore, equating the left hand sides (L.H.S) of the model equations (3.2.4) – 

(3.2.7) to zero, we have 

          0 = 𝑏 − 𝑑1 𝑆 − 𝑆 𝛽𝐼𝐶 + 𝛾𝐼                                                 (3.3.2)    

          0 = 𝑝𝑆 𝛽𝐼𝐶 + 𝛾𝐼 −  𝑑2 + 𝛼 𝐼𝐶                                           (3.3 .3) 

           0 =  1 − 𝑝 𝑆 𝛽𝐼𝐶 + 𝛾𝐼 −  𝑑3 + 𝜋 𝐼 + 𝛼𝐼𝐶                      (3.3.4)   

       0 = 𝜋𝐼 − 𝑑4𝑇                                                                            (3.3.5)           

 

 



CONT’D
Assume that (𝑆0, 0,0, 𝑇0 is an equilibrium state, then equations (3.3.2)-(3.3.5).

we have

0 = 𝑏 − 𝑑1𝑆0  3.3.6 

𝑎𝑛𝑑

0 = −𝑑4𝑇0  3.3.7 

From (3.3.7), we have

 0 = −𝑑4𝑇0
𝑜𝑟

𝑇0 = 0

However, from (3.3.6)

 0 = 𝑏 − 𝑑1𝑆0
𝑜𝑟

 𝑑1𝑆0 = 𝑏

∴ 𝑆0 =
𝑏

𝑑1

Therefore the disease free equilibrium of the model is

𝑃0 =  
𝑏

𝑑1
, 0,0,0 (3.3.8)



The basic reproduction number of the model re-arranged in (3.4.1)-(3.4.3) was 

calculated using next generation operator as applied in Van den Driessche and 

Watmough, (2005). 

𝑑𝐼𝐶
𝑑𝑡

= 𝑝𝑆 𝛽𝐼𝐶 + 𝛾𝐼 −  𝑑2 + 𝛼 𝐼𝐶                                            (3.4.1)       

𝑑𝐼

𝑑𝑡
=  1 − 𝑝 𝑆 𝛽𝐼𝐶 + 𝛾𝐼 −  𝑑3 + 𝜋 𝐼 + 𝛼𝐼𝐶                (3.4.2)     

𝑑𝑆

𝑑𝑡
= 𝑏 − 𝑑1 𝑆 − 𝑆 𝛽𝐼𝐶 + 𝛾𝐼                                             (3.4.3)              

𝑑𝑅

𝑑𝑡
=  𝜋𝐼 + 𝜃𝑆 − 𝑑4𝑅                                                          (3.4.4)      

        



 Using the above system, the Next generation Matrix is given by

 𝐹𝑉−1 =

𝑝𝛽𝑆0 𝑝𝛾𝑆0

1 − 𝑝 𝛽𝑆0  1 − 𝑝 𝛾𝑆0

1

𝑑2+𝛼
0

𝛼

 𝑑2+𝛼  𝑑3+𝜋 

1

 𝑑3+𝜋 

,

 from which we obtain

 𝑅0 = 𝜌 𝐹𝑉−1 =
𝑏

𝑑1

𝑝𝛽

 𝑑2+𝛼 
+

𝑝𝛼𝛾

𝑑2+𝛼 𝑑3+𝜋
+

1−𝑝 𝛾

 𝑑3+𝜋 
,  3.4.5 

 where 𝜌 is the spectral radius



3.5  Stability Analysis of the Disease-Free Equilibrium State. 

    We shall examine the local stability of the disease-free                

 equilibrium   𝑃0(3.3.8)  using the method of linearized stability. 

         Let              

          𝑓1 = 𝑏 − 𝑑1 𝑆 − 𝑆 𝛽𝐼𝐶 + 𝛾𝐼                                                (3.5.1) 

                                       

         𝑓2 = 𝑝𝑆 𝛽𝐼𝐶 + 𝛾𝐼 −  𝑑2 + 𝛼 𝐼𝐶                                                     (3.5.2) 

                    

         𝑓3 =  1 − 𝑝 𝑆 𝛽𝐼𝐶 + 𝛾𝐼 −  𝑑3 + 𝜋 𝐼 + 𝛼𝐼𝐶                       (3.5.3) 

  

          𝑓4 = 𝜋𝐼 − 𝑑4𝑇                                                                           (3.5.4) 

 



 CONT’D 

Then the Jacobian matrix associated with (3.2.4)-(3.2.7) at the 

disease-free equilibrium state is given by 

 

𝐽0 =

 
 
 
 
 
 
 
 −𝑑1 −𝛽

𝑏

𝑑1

−𝛾
𝑏

𝑑1

0

0 𝑝𝛽
𝑏

𝑑1

−  𝑑2 + 𝛼 𝑝𝛾
𝑏

𝑑1

0

0  1 − 𝑝 𝛽
𝑏

𝑑1

+ 𝛼  1 − 𝑝 𝛾
𝑏

𝑑1

−  𝑑3 + 𝜋 0

0 0 0 −𝑑4 
 
 
 
 
 
 
 

 (3.5.5) 

      

 



 From the matrix (3.5.5), using the characteristics equation det 𝐽 −⋋ 𝐼 = 0, 

we notice that  −𝑑1, −𝑑4 are  roots and the remaining eigenvalues are found 

from the quadratic equation below

 ⋋2 +𝐴 ⋋ +B = 0 , (3.5.6)

 where

 𝐴 = − 𝑝𝛽
𝑏

𝑑1
− 𝑑2 + 𝛼 + 1 − 𝑝 𝛾

𝑏

𝑑1
− 𝑑3 + 𝜋

 and  

𝐵 = 𝑝𝛽
𝑏

𝑑1
− 𝑑2 + 𝛼 1 − 𝑝 𝛾

𝑏

𝑑1
− 𝑑3 + 𝜋 − 𝑝𝛾

𝑏

𝑑1
1 − 𝑝 𝛽

𝑏

𝑑1
+ 𝛼

 From Routh Hurwitz criterion (3.5.7b) have negative real roots provided 

 A > 0 and B > 0.



 Therefore,  

 A> 0 implies that 

      − 𝑝𝛽
𝑏

𝑑1
−  𝑑2 + 𝛼 +  1 − 𝑝 𝛾

𝑏

𝑑1
−  𝑑3 + 𝜋  > 0 

 or            

     
𝑏

𝑑1
 𝑝𝛽 +  1 − 𝑝 𝛾 −   𝑑2 + 𝛼 +  𝑑3 + 𝜋  < 0 

From which we get                

   
𝑏

𝑑1
  𝑑2 + 𝛼 +  𝑑3 + 𝜋   

 𝑝𝛽+ 1−𝑝 𝛾 

 𝑑2+𝛼 + 𝑑3+𝜋 
− 1 < 0 

          or       

  
𝑏

𝑑1
  𝑑2 + 𝛼 +  𝑑3 + 𝜋   𝑅1 − 1 < 0  Provided 𝑅1 < 1 

           where 

     𝑅1 =
 𝑝𝛽+ 1−𝑝 𝛾 

 𝑑2+𝛼 + 𝑑3+𝜋 
 

  



 Similarly, for  𝐵 > 0 we have 

 𝑝𝛽
𝑏

𝑑1
− 𝑑2 + 𝛼 1 − 𝑝 𝛾

𝑏

𝑑1
− 𝑑3 + 𝜋 − 𝑝𝛾

𝑏

𝑑1
 1 − 𝑝 𝛽

𝑏

𝑑1
+
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TABLE 2:  TABLE OF PARAMETER VALUES FOR THE NUMERICAL EXPERIMENT  

        Experiment                    1                           2                          3                   4                            Source              
    
Parameters 

 b    70   70           70  70          Guo et a(2006)l  

 𝑑1   0    0.15                    0.15          0.15                   Moffat et al (2014) 

 𝑑3   0   0.1503                 0.1503         0.1503                   Moffat et al (2014)  

          𝛽   0                             0.2                         0.3               0.8                          Assumed 

 𝜋   0                             0                            0.8,0.5,0.4  0.8                          Assumed        

 P                             0                              0.4                        0.4                0.4                          Assumed  

 𝛼                            0                              0.0123                 0.0123         0.0123                    Moffat et al(2014) 

 𝛾                            0                              0.0113                 0.0113         0.0123                    Moffat et al(2014) 

 S(0)                       1000                        1000                     1000             1000                      Assumed 

 𝐼𝑐  (0)                     0                              600                       600                600                       Assumed 

 I(0)                         0                              300                      300                 300                       Assumed 

 T(0)                        0                              0                         100                  100                       Assumed 

 



The numerical experiments are meant to study the

following cases:-

• The situation whereby there is no disease (i.e. no

infection) (Experiment 1)

• The situation where there is no treatment.

(Experiment 2)

• The dynamics of infection at varying treatment rates.

(Experiment 3)

• The case where there is a very high rate of treatment and

carriers.

(Experiment 4)



4.0 RESULTS 

4.1. Analytical Result 

  In this research, the following analytical results were obtained 

4.1.1  Existence of the Disease-Free Equilibrium 

Given p,b,𝛽,𝛼, 𝛾,𝜋,𝑑1, 𝑑2, 𝑑3 > 0  there exists a disease free state of the 

model given by 

𝑃0 = (
𝑏

𝑑1
, 0,0,0) 

4.1.2, Basic reproduction number 

           𝑅0 was found using the next generation method  

 𝑅0 < 1 

 

 
  

 



4.1.5 Numerical Results  

The data generated from the various parameter values on Table 3 are 

presented in appendix A (Tables A1 – A5) and the figures obtained 

from the corresponding tables are given as follows. 
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Figure 1: Graph of susceptible individuals against time in a disease-free                

population. Numerical solutions are shown in table A1 



0 5 10 15 20 25 30
100

200

300

400

500

600

700

800

900

Time(Years)

p
o
p
u
la

t
io

n
s

 

 

Ic(t)

I(t)

Figure  2: Graphs of populations showing both infected individuals and 

carriers in the situation where there is no treatment.(𝜋=0.00).Numerical 

solutions are as shown in table A2 
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Figure 3: Graphs showing the populations of infected individuals at 

varying treatment rates.(𝜋 = 0.8,0.5,0.2) Numerical solutions are as shown 

in table A3 
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Figure 4: Graphs showing the populations of infected individuals and 

carriers in the case where there is a very high rate of treatment (𝜋=0.8) and 

carriers (𝛽=0.8). Numerical solutions are as shown in table A4 

 



5.0                                             DISCUSSION 

In this section, we discuss the analytical and numerical results of the model 

presented above. 

5.1  Discussion of the Analytical Results of the Modified Model  

          Equations      

In this research, we have studied the effect of carriers and treatment on the 

transmission dynamics of typhoid fever. A disease-free equilibrium was 

obtained and its stability was analyzed using linearized method. We 

computed the basic reproduction number 𝑅0  in terms of the model 

parameters.  

 It was also shown that for the threshold parameter, 𝑅0 < 1, the disease-free 

equilibrium state is locally asymptotically stable and the disease eventually 

disappears from the population (i.e. dies out). If 𝑅0 >1, the disease-free 

equilibrium state is unstable, that means the disease can spread in the 

population (endemic). In order to maintain 𝑅0 below 1, sensitivity analysis 

suggested that an increase of carriers through 𝑝 will lead to high prevalence 

in the community. The infectious population is responsive in both changes in 

treatment, increasing the level of treatment through 𝜋 causes the infectious 

population to drop. However, this decrease in the infectious group becomes 

much less significant as we move from low to high levels of carriers. In 

other words, treatment can be effective in reducing the infected population if 

the number of carriers is small. 



5.2  Discussion of the Numerical Results of the Modified Model  

           Equations 

In our model, the following results were obtained. 

5.2.1 Experiment one 
Here, we studied the situation where there is no infection. It is clearly 

shown in figure 1 that the susceptible human population grows rapidly 

in accordance with the population of a linear model. 

5.2.2 Experiment two 
In this experiment, we studied the situation where there is no treatment. 

The graph in figure 2 shows that the population of both carriers and 

infected people increases sharply to their peaks and then decreases 

gradually but without getting to zero.   

5.2.3 Experiment three 

Here, we investigate the effect of treatment on the dynamics of the 

disease. Each graph in figure 3 shows a sharp increase in the population 

of infected people which declined gradually to their various stable 

value. 

5.2.4 Experiment four 
Here we investigate the case of the disease when there is a very high 

rate of treatment and carriers. The graphs in figure 4 illustrate a steady 

decline in the number of infected individuals and carriers, which 

decreases gradually to lower values, but without getting to zero.  



6.0    CONCLUSION AND RECOMMENDATIONS 

6.1    Conclusion 

In this research work, we formulate a model  to incorporate treatment 

in the dynamics of the disease. We studied the modified model to 

investigate the effect of treatment on the dynamics of the infection. 

The existence and stability of a disease-free equilibrium state of 

modified model was also established and was found to be locally 

asymptotically stable. The basic reproduction number 𝑅0 that governs 

the disease transmission was computed by the next generation 

operator method.  



   Contd.. 
Numerical experiments using published data show that treatment can be 

effective in reducing the number of infected people as well as the 

number of carriers. The sensitivity analysis of the model parameters, 

using 𝑅0 also indicates that the number of carriers have high impact on 

the dynamics of the disease. 



6.2    Recommendations 

The analytical and numerical studies revealed that there is a possibility of 

controlling/eradication of typhoid fever, provided that the basic reproduction number 

𝑅0 is less than one. It was also found that  𝛽,𝑝 𝑎𝑛𝑑 𝜋 are very most important 

parameters in the transmission of the disease. We therefore recommend as follows:- 

1) There should be proper disposal of the faeces and urine especially the people 

using bushes in Nyanchwa hill as toilets and rivers in town as urinals to prevent the 

spread of the disease. 

2) Domestic water should be boiled or chlorinated before drinking to kill the 

bacteria. 

3) Fruits should be washed with clean water before being eaten. 

4) Food handlers should be clean, and should be subjected to regular medical 

check-ups. 

5) More research be carried out to identify carriers and find appropriate ways of 

handling them so as to reduce their role in the dynamics of the infection. 
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